Two-dimensional gravity with an invariant energy scale and arbitrary
  dilaton potential by Mignemi, S.
ar
X
iv
:h
ep
-th
/0
21
02
13
v1
  2
2 
O
ct
 2
00
2
Two-dimensional gravity with an invariant
energy scale and arbitrary dilaton potential
S. Mignemi∗
Dipartimento di Matematica, Universita` di Cagliari,
Via Ospedale 72, 09124 Cagliari, Italy
INFN, Sezione di Cagliari
Abstract
We investigate a model of two-dimensional gravity with arbitrary scalar
potential obtained by gauging a deformation of de Sitter or more general
algebras, which accounts for the existence of an invariant energy scale. We
obtain explicit solutions of the field equations and discuss their properties.
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Deformations of the Poincare´ algebra allowing for the existence of a fun-
damental length (energy) scale have recently been the subject of several in-
vestigations [1, 2]. Their interest is motivated by the fact that theories of
quantum gravity seem to imply the existence of a minimal length scale of the
order of the Planck length [3].
One may wonder whether the framework of deformed Poincare´ algebra
can be extended to include gravitational interactions, giving rise in this way
to an effective modification of general relativity at small scales. As is well
known, a theory of gravity can be obtained in general by gauging the space-
time symmetry group, and this approach was adopted in [4] for constructing a
two-dimensional gravitational model invariant under the specific deformation
of Poincare´ algebra introduced in ref. [2].
In this letter we go a step further, extending the model of [4] to the
case where a dilaton potential is present [5]. This class of two-dimensional
theories includes between others (anti-)de Sitter [6], or extended Poincare´
models [7]. Finding suitable deformations of the algebras of [5] compatible
with the assumptions of [2] is not trivial, because the Jacobi identities impose
constraints on the form of the deformed algebra.
The deformed Poincare´ algebra of [2] is given in two dimensions by the
commutation relations
[Pa, Pb] = 0, [J, P0] = P1 −
P0P1
κ
, [J, P1] = P0 −
P 2
1
κ
, (1)
where Pa are the generators of translations and J that of boosts and a = 0, 1.
Tangent space indices are lowered and raised by the tensor hab = diag(−1, 1).
We also make use of the antisymmetric tensor ǫab, with ǫ01 = 1. The defor-
mation parameter κ has the dimension of a mass and can be identified with
the inverse of the Planck length. The algebra (1) can be considered as an
example of nonlinear algebra [8].
A gravitational model which is invariant under the local symmetry (1)
was studied in [4] and is described by a lagrangian
L = η2R + ηaT
a +
η1
κ
ηa ω ∧ e
a, (2)
where R = dω is the curvature and T a = dea + ǫab ω ∧ e
b the torsion and ηa,
η2 are a triplet of scalar fields in the coadjoint representation of the algebra.
η2 is often called dilaton.
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We want to generalize this two-dimensional model to include dilaton-
dependent potentials Λ(η2), analogous to those studied in [5] in the Lorentz-
invariant case. Simple special cases were de Sitter gravity [6], corresponding
to Λ = λη2, or extended Poincare´ gravity [7], corresponding to Λ = λ. In
these models, the commutation relation between the generators of transla-
tions Pa is of the form [5]
[P0, P1] = Λ(J), (3)
where Λ is the same function as the potential, and J is the generator of
boosts.
Unfortunately, it is not possible to simply change the momentum commu-
tation relation in (1) to the form (3) because the set does not satisfy the gener-
alized Jacobi identities of nonlinear algebras [8]. The simplest generalization
of the algebra (1) is to admit a relation of the form [P0, P1] = f(Pa)Λ(J).
A simple calculation shows that the Jacobi identities are in fact satisfied if
f(Pa) =
(
1− P0
κ
)
3
. Hence, we shall consider the nonlinear algebra
[Pa, Pb] =
(
1−
P0
κ
)3
Λ(J), [J, P0] = P1 −
P0P1
κ
, [J, P1] = P0 −
P 2
1
κ
. (4)
For κ → ∞, the algebra reduces to that obtained in [5] for the Lorentz-
invariant limit. The algebra (4) admits a Casimir invariant
C =
P 2
1
− P 2
0(
1− P0
κ
)
2
+ 2
∫
Λ(J)dJ. (5)
In order to construct a gauge theory for this algebra, we proceed as in [4]
and adopt the formalism of Ikeda [8]. Given an algebra with commutation
relations [TA, TB] =WAB(T ), one introduces gauge fields A
A and a coadjoint
multiplet of scalar fields ηA, which under infinitesimal transformations of
parameter ξA transform as
δAA = dξA + UABC(η)A
BξC ,
δηA = −WAB(η)ξ
B, (6)
where UABC and WAB are functions of the fields ηA which satisfy
UABC =
∂WBC
∂ηA
. (7)
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In our case A = 0, 1, 2, and we identify T a with P a and T 2 with J . In
analogy with [6, 7], we can then also identify Aa with the zweibeins ea and
A2 with the spin connection ω, and obtain a gauge theory for gravity in two
dimensions. A gauge-invariant lagrangian can then be obtained with the
methods of [8], and reads
L = η2R + ηaT
a +
1
2
(
1−
η0
κ
)
3
Λ(η2)ǫabe
a ∧ eb +
η1
κ
ηa ω ∧ e
a, (8)
with field equations
dη0 =
(
η1 −
η1η0
κ
)
ω −
(
1−
η0
κ
)
3
Λ(η2) e
1,
dη1 =
(
η0 −
η2
1
κ
)
ω +
(
1−
η0
κ
)
3
Λ(η2) e
0,
dη2 = −
(
η1 −
η1η0
κ
)
e0 −
(
η0 −
η2
1
κ
)
e1,
T 0 = ω ∧
η1
κ
e0 +
3
κ
(
1−
η0
κ
)
2
Λ(η2) e
0 ∧ e1,
T 1 = ω ∧
(
η0
κ
e0 +
2η1
κ
e1
)
,
R = −
(
1−
η0
κ
)
3
Λ′(η2) e
0 ∧ e1. (9)
For solving the field equations it is useful to use the Poisson sigma model
formalism. We shall not give here the details of this formalism and refer
the reader to the vast literature on the subject [9]. For our purposes it is
sufficient to define a new set of variables (target space coordinates),
X1 = C(ηA), X2 = arccosh
η0√
η21 − η
2
0
, X3 = −η2, (10)
where C(ηA) is the Casimir invariant (5) written in terms of the ηA, C(ηA) =(
1− η0
κ
)
−2
(η2
1
− η2
0
) + 2
∫
Λ(η2)dη2. The transformation (10) holds when the
value of the function γ = C − 2
∫
Λ(η2)dη2 is negative. For positive values of
γ, one must perform instead the transformation
X1 = C(ηA), X2 = arcsinh
η0√
η21 − η
2
0
, X3 = −η2. (11)
For definiteness, in the following we shall consider the case γ < 0.
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The new variables satisfy the commutation relations
[X1, X2] = [X1, X3] = 0, [X2, X3] = 1, (12)
and in term of them, the ηa can be written as
η0 =
Γ
∆
coshX2, η1 =
Γ
∆
sinhX2, (13)
where
Γ =
√∣∣∣∣X1 + 2
∫
Λ(−X3)dX3
∣∣∣∣, ∆ = 1 + Γκ coshX2. (14)
In these variables, the field equations take a very simple form [9]:
dX1 = 0, dX2 = −B3, dX3 = B2, dBi = 0, (15)
whose solutions are given by
X1 = const, B1 = 2dφ, (16)
φ, X2 and X3 being arbitrary functions. One can then go back to the original
variables. Defining X1 = c, where c is the constant value of C, X2 = θ,
X3 = −η, one obtains
e0 = −∆
[
1
Γ
sinh θdη + Γ
(
cosh θ −
Γ
κ
)
dφ)
]
,
e1 = ∆
[
1
Γ
cosh θdη + Γ sinh θdφ)
]
,
ω = dθ + Λdφ (17)
where, in terms of the new variables, the functions Γ and ∆ read Γ =√
|c− 2
∫
Λdη| and ∆ = 1 + Γ cosh θ/κ.
One is still free to choose a gauge. The most interesting choices are θ = 0
or θ = φ. The first choice may be considered as the ground state of the
model and yields
e0 = −Γ
(
1−
Γ2
κ2
)
dφ, e1 =
1
Γ
(
1 +
Γ
κ
)
dη, ω = Λdφ, (18)
with
T 0 =
3Λ
κ
(
1 +
Γ
κ
)
dφ ∧ dη, T 1 = 0, R = −Λ′dφ ∧ dη. (19)
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In particular, for Λ = λη2, one obtains a deformation of (anti-)de Sitter space
with constant curvature, but nonvanishing torsion.
In the second case,
e0 = −∆
[
1
Γ
sinh θdη + Γ
(
cosh θ −
Γ
κ
)
dθ
]
,
e1 = ∆
[
1
Γ
cosh θdη + Γ sinh θ dθ
]
,
ω = (1 + Λ) dθ, (20)
and the components of the torsion and the curvature are
T 0 =
(
−
1 + Λ
κ
sinh2 θ +
3
κ
Λ∆
)
dθ ∧ dη,
T 1 =
1 + Λ
κ
sinh θ cosh θ dθ ∧ dη,
R = −Λ′ dθ ∧ dη. (21)
The solutions corresponding to γ > 0 can be obtained from the previous
ones by simply interchanging sinh θ with cosh θ everywhere.
For a discussion of the properties of the solutions, it may be useful to
define a line element ds2 = habe
aeb, although this is not gauge invariant. The
possibility of defining a gauge invariant metric will be discussed elsewhere
[10]. Alternatively, one may interpret the lack of invariance assuming that
Planck-energy particles experience different metrics depending on their state
of motion. One has
ds2 = ∆2
[
dη2
Γ2
− Γ2
(
1− 2
Γ
κ
cosh θ +
Γ2
κ2
)
dθ2 + 2
Γ
κ
sinh θ dη dθ
]
(22)
for γ < 0, or
ds2 = Υ2
[
−dη2
Γ2
+ Γ2
(
1 + 2
Γ
κ
sinh θ −
Γ2
κ2
)
dθ2 + 2
Γ
κ
cosh θ dη dθ
]
(23)
for γ > 0, with Υ = 1 + Γ sinh θ/κ.
The discussion of the properties of the solutions is in general quite compli-
cated. First of all, we notice that the volume element is e0 ∧ e1 = ∆3dη∧dθ,
which is positive definite when γ < 0. In this case, the only singularities (at
least for well-beaheved Λ) are horizons occurring at the zeroes of Γ. When
γ > 0, instead, torsion singularities can occur at sinh θ = −κ/Γ, where Υ
vanishes, and the discussion of the solutions becomes more intricated.
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It can be interesting to consider as an example the case Λ = λη2, which
corresponds to de Sitter (λ < 0) or anti-de Sitter (λ > 0) in the undeformed
limit. Let us start from the case γ < 0. In this case the coordinate η is
spacelike, and the solutions are time-dependent deformations of the static de
Sitter or anti-de Sitter solutions, depending on the sign of λ. When λ and
c have the same sign, a horizon is present at η =
√
c/λ, but curvature and
torsion are regular everywhere.
For γ > 0, the coordinate η is timelike when Υ > 0, and the solutions can
be interpreted as space-dependent deformations of the two-dimensional cos-
mological de Sitter or anti-de Sitter solutions (see for example [11]). Again a
horizon is present when λ and c have the same sign, but now also a singularity
of the torsion occurs where Υ = 0.
A more accurate discussion of the properties of the solutions would require
the definition of a gauge-independent metric or an interpretation of its gauge
dependence, which we leave for further investigations.
We have investigated a model of gravity in two dimensions, invariant
under a deformation of the (anti)-de Sitter algebra or of more general algebras
corresponding to dilaton-dependent potentials. We have defined the action
and obtained the general solutions of the field equations. All solutions imply
the presence of nontrivial torsion.
To conclude, we notice that a deformation of the (anti-)de Sitter algebra
compatible with the algebra of ref. [2] in the λ→ 0 limit can be obtained also
in four dimensions, using a procedure analogous to the one adopted above.
The deformed algebra reads
[Pi, Pj] = λ
(
1− P0
κ
)
2
(
ǫijkMk +
1
κ
(NiPj −NjPi)
)
,
[P0, Pj ] = λ
(
1− P0
κ
)
3
Nj , [Mi, Pj] = ǫijkPk, [Mi, P0] = 0,
[Ni, Pj] = δijP0 −
PiPj
κ
, [Ni, P0] = Pi −
P0Pi
κ
,
[Ni, Nj] = ǫijkMk, [Mi, Nj] = ǫijkNk, [Mi,Mj] = ǫijkMk,
where i, j, ... = 1, 2, 3, Ni =M0i, Mk =
1
2
ǫijkMij.
Unfortunately, however, an action principle for nonlinear gauge theories
is not known in four dimensions. Nevertheless, we believe that our low-
dimensional model can give some hints for addressing this problem, and also
other open questions, as the definition of a gauge-invariant metric and/or a
suitable coupling for point particles.
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